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TITS INDICES OVER SEMILOCAL RINGS 

V. PETROV AND A. STAVROVA 



Abstract. We give a simplified proof of Tits' classification of scmisimple alge- 
braic groups that remains valid over semilocal rings. In particular, we provide 
explicit necessary and sufficient conditions that anisotropic groups of a given type 
ly-v , appear as anisotropic kernels of semisimple groups of a given Tits index. We also 

give a new proof of the existence of all indices of exceptional inner type using the 
notion of canonical dimension of projective homogeneous varieties. 

O, 

<^ . 1. Introduction 

^ [ In his famous paper [11] Jacques Tits showed that any semisimple group G over 

J3 ' a field is determined by its anisotropic kernel and a combinatorial datum called the 

Tits index of G. Some arguments were sketched or omitted there, and appeared in 
later papers. Namely, Selbach [9] clarified the proof of the completeness of the list 

^ I of Tits indices, and in [13] Tits himself has finished the proof of the existence of all 

(^ ■ indices; see also [10] and [HI Appendix] for more detailed expositions. 

■^ . The goal of the present paper is to show that the Tits classification carries over 

to arbitrary connected semilocal rings. We do not make use of the field case, but 
rather provide a shortened and simplified version of Tits' arguments. We also give 



Q ■ a new proof of the existence of all indices of inner exceptional type using the notion 

CO , of canonical dimension of projective homogeneous varieties of semimple algebraic 

^^ ' groups. 

Our proof of Tits classification consists of two parts: combinatorial and represen- 

^ ■ tation-theoretic. Combinatorial restrictions follow from the presence of the opposi- 

tion involution on the extended Dynkin diagram. These restrictions allow to exclude 
most of the "wrong" indices (Proposition [3]). Representation-theoretic arguments al- 
low to define Tits algebras of a semisimple group in the same fashion as this was done 
by Tits [T2] over fields (Theorem [1]). In Theorem |2] we give a necessary and sufficient 
condition in terms of Tits algebras that a semisimple group scheme H can be em- 
bedded into a larger semisimple group G as the derived subgroup of a Levi subgroup 
of a fixed parabolic subgroup of G. Combining this result with the combinatorial 
restrictions, we obtain the list of all possible indices, and show that the existence of 
a group with a given index is equivalent to the existence of an anisotropic group (its 
anisotropic kernel) subject to certain explicitly stated conditions (§ |6l Theorem 3). 
In the field case, these conditions appeared earlier in [Qj [131 IH E] ^oi all Tits indices 
except those where the *-action of the Galois group on the set of "circled" vertices 
is non-trivial. 

Our proof of the existence of all indices of inner exceptional type (Theorem H]) 
is based on the knowledge of the list of maximal possible values of the p-relative 
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canonical dimension of the variety of Borel subgroups of simple algebraic groups 
corresponding to generic torsors. This list was obtained in [8] by means of the 
J-invariant of algebraic groups. 



2. SeMISIMPLE group SCHEMES 

In this section we reproduce some definitions and results of [2]. Throughout the 
paper, all references starting with Exp. YZ are to this source. 

Let 5* be a scheme (not necessarily separated) . A group scheme G over S is called 
reductive if it is affine and smooth over 5", and its geometric fibers G^^ are connected 
reductive groups in the usual sense for all s G S (Exp. XIX Def. 4.7). When S is 
reduced, the smoothness can be replaced by the condition that G is finitely presented 
over S and the dimension of a fiber is locally constant (see Exp. VIb, Cor. 4.4). The 
type of G at s G S* is the root datum of G-j^. The type is locally constant (Exp. XXII 
Prop. 2.8). To simplify the exposition, in the sequel we consider reductive group 
schemes of constant type only. Thus the type of a reductive group scheme G is a 
root datum TZ = ($, A, $*, A*), where $ is a root system, called the root system of 
G, A is a Z-lattice containing $, called the lattice of weights of G, and $* and A* 
are the dual objects (Exp. XXI Def. 1.1.1). A reductive group G is semisimple, if 
the rank of $ equals that of A. We also usually include in the type a fixed subset 
of positive roots $+ in $, which determines a system of simple roots of $ and, 
therefore, a Dynkin diagram D. 

Over any scheme S there exists a unique split group scheme Go of a given type 
TZ, which actually comes from a group scheme over Spec Z known as the Chevalley 
- Demazure group scheme (Exp. XXV Thm. 1.1). Quasi-split group schemes over 5* 
of the same type as Go are parametrized by 11^(5", Aut (7^, $^)), where Aut (7^, $"*") 
is the group of automorphisms of TZ preserving $+ (cf. Exp. XXIV Thm. 3.11). All 
cohomology groups we consider are with respect to the fpqc topology (but note that 
H^(5, H) = RKS, H) when H is smooth). 

Every semisimple group scheme G is an inner twisted form of a uniquely deter- 
mined quasi-split group G^s, given by a cocycle ^ G 7}{S, Gj^f), where G^f is the 
adjoint group acting on Gqs by inner automorphisms. Cocycles in the same class in 
11^(5", Gqf) produce isomorphic group schemes (Exp. XXIV 3.12.1); however, dis- 
tinct classes of cocycles may correspond to the same isomorphism class of groups 
(see below). 

A Dynkin diagram D is nothing but a finite set of vertices together with a subset 
E C D X D oi edges and a length function D — )■ {1, 2, 3} (in other words, a colored 
graph). The scheme-theoretic counterpart of this notion is called a Dynkin scheme 
(Exp. XXIV § 3). So a Dynkin scheme over S* is a twisted finite scheme V over 5* 
together with a subscheme S CV XsT> and a map T> — )■ {1, 2, 3}s- Isomorphisms, 
base extensions and constant Dynkin schemes are defined in an obvious way. We 
denote by Ds the constant Dynkin scheme over S corresponding to a Dynkin diagram 
D. By Aut ("D) we always mean the scheme of automorphisms of V over S* as a 
Dynkin scheme; it is a twisted constant group scheme over S. 

To any semisimple group scheme G one associates the Dynkin scheme Dyn(G). 
For a quasi-split group Dyn(Ggs) is a twisted form of Ds corresponding to the image 
in Z^(S, Aut (D)) of a cocycle ^ G Z^(S', Aut (7?,, $"*")) defining Ggs under the map 
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induced by the canonical map Aut {TZ, $+) -> Aut (D) (Exp. XXIV 3.7). When Ggs 
is simply connected or adjoint, the latter map is an isomorphism. 

In general, Dyn(G) is isomorphic to Djn{Gqs), but the isomorphism is not canoni- 
cal. By an orientation m on G we mean a choice of an element u G Isomext {Ggg, G){S), 
that is of an isomorhism between Dyn(Ggs) and Dyn(G). A notion of an isomor- 
phism of oriented group schemes is defined obviously. Exp. XXIV Rem. 1.11 shows 
that H^(S', Gqf) is in bijective correspondence with the set of isomorphism classes 
of oriented inner twisted forms of G"f . 

Let T/S be a Galois covering that splits Dyn(G), i.e. Dyn(G)T — Dt- For 
example, one can take as T the torsor corresponding to the cocycle in Z (S, Aut (D)). 
Every element a G Aut (T/S) acts on Dyn(G)T and therefore defines some ipa G 
Aut {D){T) such that the diagram 

Dr ^ Dt 



commutes. By Galois descent this action (which is called the *-action) completely 
determines Dyn(G). If S is connected, the *-action can be considered as an action 
of Aut (T/S) on the Dynkin diagram D, and extends by Q-linearity to the *-action 
on A. 

A subgroup scheme P of G is called parabolic if it is smooth and Pj^ is a parabolic 
subgroup of Gj^ in the usual sense for every s E S (Exp. XXVI Def. 1.1). To a 
parabolic subgroup P one can attach the type t(P) of P which is a clopen subscheme 
of Dyn(G) (Exp. XXVI 3.2). Note that the clopen subschemes of Dyn(G) are in one- 
to-one correspondence with the *-invariant clopen subschemes of Dt, where T/S is 
as above. 

If L is a Levi part of P, we have a canonical map Dyn(L) — ?> Dyn(G) depending 
only on L and G. In particular, an orientation on G induces an orientation on L. 

3. Representation-theoretic lemmas 

By a representation of a group scheme G over S we mean a homomorphism of 
algebraic groups p: G -^ GLi{A), where A is an Azumaya algebra (more formally, 
a sheaf of Azumaya algebras) over S. 

Let Go be a split semisimple group scheme over a scheme S, and let Gq — )■ GL(y) 
be a representation of Gq on a projective module (more formally, a locally free sheaf 
of modules) V of finite rank over S. Fix a maximal split torus Tq of Go and let A 
and Ar be its lattices of weights and roots respectively. Then V decomposes into 
a direct sum ®xeA^^ ^'^ ^^^^ ^'^^ ^^^ scheme S' over S, any t G To(S"), and any 
V G V\{S') one has p{t)v = X{t)v (Exp. I Prop. 4.7.3). A character A with Va 7^ is 
called a weight of V. 

The cocenter Cocent(G) of G is the group scheme Hom(Cent(G), Gm). When G 
is split it can be identified with the constant group scheme (A / Ar)^. Descent shows 
that Cent(G) is isomorphic to Cent(Gqs), and therefore Cocent(G) is isomorphic to 
Cocent(Ggs). The isomorphism depends only on the orientation of G. 

A representation p: G — )■ GLi{A) will be called center preserving if p(Cent(G)) C 
Cent(GLi(A)). In this case p induces a homomorphism p"^: G"^ — ?■ PGLi(A) and 
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determines an element \p G Cocent(G')(5'), which is the restriction of p to Cent(G') 
composed with the natural isomorphism Cent(GLi(A)) ~ Gm- 

Lemma 1. (1) G — )■ GL(\^) is center preserving if and only if over a splitting 
covering IJSr -^ S every two weights ofV differ by an element of A,-. 

(2) The dual G — )■ GhiV*) of a center preserving representation G — )■ GhiV) is 
center preserving. 

(3) The tensor product G — >■ GL(l/i ® V2) of center preserving representations 
G —7- GL(V^i) and G — )■ GL(V2) is center preserving. 

(4) For any representation p: G -^ GL(V") and an element A G Cocent(G)(5'), 
the submodule W (^ V defined by 

W{S') = {veV XsS' \c-v = X{c)v for all fpqc S"/S' and c G Cent{G){S")} 

is a G-invariant direct summand ofV. Moreover, the representation p' : G ^ 
GL(W^) is center preserving and Xpi = \ if W ^ 0. 

Proof. For ([1]) observe that since the condition p(Cent(G)) C Cent(GL(V")) is local 
with respect to fpqc topology, we can assume that G is split. Then V is center 
preserving if and only if restrictions of every two weights A and p oiV to Cent(G') 
coincide. This means exactly that X — p belongs to Aj. (Exp. XXII Rem. 4.1.8). 
Parts (^ and Q follow from (p. 

To prove (jlj), define W'{S') as the set of all v G V{S') such that there exist an 
fpqc covering ]J 5^ — )• S" and, for each r, a finite number of elements Ai, . . . , A^ G 
Cocent(G')(5'^) distinct from A and elements vi, . . . , Vk E V Xs S'^ such that v = 
vi + . . . + Vk and cvi = Xi{c)vi for all fpqc S"/S'^ and c G Cent (G) (5*^'). Obviously 
W and W are G-invariant (sheaves of) submodules of V. Over a splitting covering 
of G it is easily seen that V = W Q) W; therefore it is also true over the base S. By 
construction the representation p' : Gqs -^ W is center preserving and Ap/ = A. D 

Lemma 2. Let Gqs be a quasi-split group over S . Then any element ofCocent{Gqs){S) 
appears as Xp for some center preserving representation p: Gqs — )■ GL(V"). 

Proof. Over a splitting covering of Gqs choose a weight A G A that represents a given 
element of Cocent{G qs){S). Obviously A + Aj. is *-invariant. It is known (see [U Ch. 
VI, Exerc. 5 du §2]) that any weight is equivalent modulo Ar to a minuscule weight. 
On the other hand, by [12, 3.1] we have (A/Ar)* = A*/Ar*. So we may assume 
that A is a *-invariant minuscule weight. 

Consider first the split group Gq over Z. Recall briefly the construction of a 
Weyl module V^(A) for Gq (see [5] for details). We start from a finite dimensional 
irreducible (Go)c-niodule with the highest weight A; we fix a vector v^ of the weight 
A (which is unique up to a scalar) . Denote by il the universal enveloping algebra of 
the Lie algebra of (Go)c, by it^ and il~ its subalgebras generated by the positive 
(respectively, negative) root subspaces, and by Hz, il^, ^ their Z- forms used in the 
Chevalley's construction of split reductive groups. Then V{X) is defined as il^f+. 
Note that V{X) is center preserving by Lemma [H ([T]). 

Let r be a subgroup of Aut (7^, $"'") preserving A. Then any element 7 G F 
induces an automorphism of Hz which preserves ilj and H^. Since 7 preserves A, 
the representations p: (Go)c -^ GL(V^(A)c) and p o 7: (Go)c -^ GL(y(A)c) are 
equivalent, and their differentials are equivalent as well. Therefore, there exists 
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V? G GL(K(A)c) such that 'y{g)ip{v) = (p{gv) for every v G V(\)c and g E ii; 
moreover, ip is unique up to a scalar. It is easy to see that ip preserves the hne 
spanned by f+, and we can normahze (/? so that v'(f+) = f+. Now, 

Vi'^ v+) < 7(iiz)v^K) = ^ v+, 

so (p induces an automorphism y?^ of V^(A) compatible with 7 and preserving v^. 
Since Z[Go] is a Hopf subalgebra of Q[Go] and V^(A) is a subcomodule of V(A)q, and 
C /Q is faithfully flat, ipz is an equivalence of the representations p: Gq — )■ GL(y(A)) 
and p o 7: Go — )■ GL(V(A)). Moreover, since (fz is uniquely determined by 7, we 
obtain a homomorphism ■?/': F — )■ GL(\/(A)). 

Now let ^ be a cocycle in Z^(S', F) producing Gg^. The cocycle ■4>*{i) then deflnes 
a projective module V together with a representation Gqs — )■ GL(l^) we need. D 



4. Tits algebras 

Theorem 1. Let {G, u) he an oriented semisimple group scheme of constant type 
over S corresponding to the class [^] G H"'^(S', G^f). 

(1) There exist two natural mutually quasi-inverse equivalences F^, F'^ between 
the categories of group schemes over S with G^^-action (by group automor- 
phisms) and group schemes over S with G'^'^-action. In particular, each cen- 
ter preserving representation p: Gqs — ?> GL(V) gives rise to a center preserv- 
ing representation Fu{p) : G — )> GLi(A„^p) for some Azumaya algebra A^^p. 

(2) The class [Au^p] in the Brauer group Br(S') depends only on Ai?^(p) and not 
on the particular choice of u and p. Its image in H^(S', Gm) coincides with 
(Ap)*(5([^]), where 

(Ap).: R\S, Cent(G,,)) ^ R\S, G^), 

and S is the connecting homomorphism in the long exact sequence arising 
from the sequence 

1 . Cent(G,,) Gqs G'^J 1. 

Proof. 1. Consider the left G'"^- and right G^f-torsor / = Isomint ^(Ggs, G) (see 



Exp. XXIV Rem. 1.11). Let if be a group scheme with a Gj^f-action. Then Fu{H) = 
J x'^9s iJ is a group scheme over I/G^^ ~ S with a left G^'^-action. Similarly, F^ is 
defined by Fl^{H') = I' x*^" H', where /' = Isomint „-i(G, Gqs). Further, we have 
isomorphisms /' x*^" / ~ G^f and / x'^^s /' ~ G"''^, hence F^ and F^ are mutually 
quasi- inverse. 

2. The cohomological class in 11^(5*, PGL(y)) corresponding to Au^p is nothing 
but p"'^([^]), where p"''^: Gj^f — )■ PGL(\/) is the representation induced by p. Now 
the last assertion of the Theorem follows from the commutativity of the diagram 



R\S, Gf,) -^-^ }1\S, CentiGqs)) 

w 

H^(5, PGL(\/)) -H2(5, G„0, 
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which comes from the diagram 

1 . Cent{Ggs) G,s Gf, 1 

,, 
1 Gm GL(r) PGL(r) 1. 

Thus, once u is fixed, the class of Au^p depends only on Xp. Let v be another 
orientation on G. Then p' = F^[Fu{p)) is p composed with the corresponding outer 
automorphism of Gqg] in particular, its target is still Gh{y). Obviosly Fy{p') ~ 
Fu{p). Now, if 0" is another representation of Gqs with \F^{a) = '^Fu{p)i then 

K = Af„(<7) °v = Ai7'„(p) ov = Xp^ip') °v = Xp', 

hence 

n 

The Azumaya algebra Au^p will be called the Tits algebra of G corresponding to 
a center preserving representation p: Ggs — > GL(K). We denote by /3g the homo- 
morphism 

(3g- Cocent (G)(5) ^ Br(S) 

A H- [Au,p] with Xf^{p) = X. 

It is well-defined in view of Lemma H] and Theorem [TJ To see that Pg is indeed a 
homomorphism one can use either the tensor product of representations or the fact 
that Br(S') is a subgroup in H^(S', Gm)- 

If the orientation u is fixed, we will consider Pg as a homomorphism from Cocent(Gqs) 
to Br(5'). Further, for an element A of A* we will write /3g(A) instead of f3G{Mcent(Gqs))- 

The Dynkin scheme Dyn(G) is the disjoint union of its minimal clopen subschemes 
which will be called orbits for brevity; they indeed correspond to orbits of the *- 
action on a set of simple roots. 

Assume that G is simply connected. Let Tgg be a fixed maximal torus of Ggs, 
T^/ be the respective torus in G^f . Over a splitting covering we have two canonical 
homomorphisms 

u: Dyn(G)^Hom(T,„GJ, 



a : Dyn(G) -^ Hom (T''/ , G„ 



qsi 
qs ' 



that associate to each vertex i of the Dynkin diagram the fundamental weight Ui 
or, respectively, the simple root a^. By faithfully fiat descent these homomorphisms 
are defined over the base scheme 5*. 

Let O be an orbit in Dyn(G). Composing u (resp., a) with the inclusion O — )■ 
Dyn(G), we obtain a weight uq'- (^gs)o ~^ Gm (resp., a root ao'- iT^s)o ~^ Gm), 
which will be called the canonical weight (resp., the canonical root) corresponding 
to O (cf. Exp. XXIV 3.8). It is easy to see that ao and uq are *-invariant weights 
of Go. 



TITS INDICES OVER SEMILOCAL RINGS 



Recall that the Weil restriction Rs'/s (Yls'/s ^^ ^^^ notation of [2]) is the right 
adjoint to the base change functor. So we have homomorphisms 



If O splits over an extension S'/S into a disjoint union JJ^ Oi, then {u!o)s' (resp. 
(tto)^') is equal to Hi'^Oi (resp., Hi'^Oi) composed with the natural isomorphism 
IliRo,/s'{Gm) - -R]j^o,;/5'(Gm)- In particular, over a splitting covering uq (resp. 
do) can be identified with an appropriate product of Ui (resp., aj). 

Proposition 1. (1) In the above setting we have the isomorphism 

o o 

(of. Exp. XXIV Prop. 3.13). 
(2) // V is the standard Levi subgroup of a standard parabolic subgroup P in 



Ggf , then we have the isomorphism 



qs 
' qs > 

H ao:Cent(L;j^ J] Ro/s{G^)- 
0:OgliiP) 0:OgliiP) 

(3) We have 

L'gs = CentG,,(<5) = CentG^^iQdiag), 
where Q is the natural split subtorus Ylo Ocz:t(P) Gm of Yio o^i(P) -Ro/S' (Gm), 
and Qdiag is the split torus of rank 1 embedded diagonally into Q. 

Proof. Let's prove ([2]). Note that Cent(Lgg) is contained in T^f, so the map is well- 
defined. Over each element S^- of a splitting covering of S the Dynkin scheme can 
be identified with a set D and t(P) with a subset D\ J . The map Y\q. o<fi(P) ^o 
becomes njej"^*' ^^"^ Cent(Lg^)5^ equals f]j^^^xjKeY ai. But 

i€D i€D 

is an isomorphism, and ([2]) follows. Part ([1]) can be proved similarly and even easier. 
We have obvious inclusions 

L'qs < CentcJQ) < CentcJQdrag), 

so to prove ([3]) it suffices to show that H = Cent Cq^ (Qdiag) is contained in L'^^. 
We can pass to a splitting covering. By Exp. XXVI Prop. 6.1 Hs^ is smooth with 
connected fibers; clearly it contains {T^s)s-r- By Exp. XXII 5.4.1 such subgroup is 
uniquely determined by the set of roots a such that the generator Cq, of Lie{{Ggs)sr) 
is contained in its Lie algebra. Note that the restriction of a simple root a, to Qdiag 
is identity when i ^ J and is trivial otherwise. So Cq, belongs to Lie(if5^) if and only 
if the sum of its coefficients at a^ with z G J is zero. But {L' )s^ is also smooth with 
connected fibers and corresponds to the same set of roots, hence L'^^ = H. D 

Proposition 2. In the setting of Theorem [H assume moreover that G is simply 
connected and Pic(Dyn(G)) = 0. Then [^] comes from an element in H^(5', Gqs) if 
and only if Pcoi^o) = for each orbit O. 
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Proof. If [C] belongs to the image of Ii\S, Ggs) -^ Ii\S, G^f) then S{[^]o) = and 
therefore /^^^ = for each O. Conversely, assume that Pcoiujo) = for each O. 
Proposition [1] applied to the Borel subgroup implies that Tgg — Y[o^o/s{Gm) and 
Tqf ^ Uo^o/siGm). Now the Shapiro lemma (cf. Exp. XXIV Prop. 8.2) implies 
that the image of 5([^]) in H2(5, T^,) is trivial, while R^S, T^f ) = Pic(Dyn(G')) = 0. 
Now the claim follows from the exact sequence 

R'iS, T^f) H2(^, Cent(G,,)) Y{\S, T,,), 

which comes from the sequence 

1 . Cent(G,,) T,, T^f 1. 

n 



Theorem 2. (1) Let {G, u) he an oriented semisimple group scheme of constant 
type over S, P be its parabolic subgroup admitting a Levi subgroup L, H be 
the derived subgroup of L with the induced orientation. Denote by A the 
lattice of weights of Gqg. For every A G A* denote by X' the restriction of X 
to Cent{Hgs). Then /3g{X) = (3h{X'). In particular, for any a G A/ one has 
f^Hia') = 0. 

(2) Let Ggs be a quasi-split simply connected group, Pgs be a standard parabolic 
subgroup of Ggs, Lgs be its standard Levi subgroup, Hgg be the derived sub- 
group of Lqs. Assume that {H, v) is an oriented inner form of Hgs, satisfying 
(3ho{<^o) — for all O (t i{Pqs)- Then there exist an oriented inner form 
{G, v) of Ggs and its parabolic subgroup P admitting a Levi subgroup L such 
that the derived subgroup of L with the induced orientation is isomorphic to 
H. 

(3) In the setting of ^, assume that Pic(Dyn(5')) = 0. Then (G, u) is unique 
up to an isomorphism. 

(4) In the setting of ([2]), assume that S is semilocal. Then {G, u) determines 
{H, v) up to an isomorphism. 

Proof. 1. Let ^ be a cocycle in Z^(S', Gg^) corresponding to G, given by elements 
gar £ Ggg{So- X5 Sr) for some covering ]J S*,- — ;■ 5 that quasi-splits G. Over each 
Sr one can (possibly, passing to a finer covering) conjugate Ps^ and Ls^ by some 
element of G^f to Pgs and Lgs, where Pgs is a standard parabolic subgroup of Gqs 
and Lqs is its standard Levi subgroup. Adjusting ^ by the coboundary given by 
these elements, we can assume that all Qar's belong to L'^^, where L'^^ is the image 
of Lqs in G^f, by Exp. XXVI Prop. 1.15 and Cor. 1.8 (cf. Exp. XXVI 3.21) 

Let p: Ggs — !■ GL(y) be a center preserving representation with a weight A. 
Consider its restriction to Hgg and denote by U the center preserving direct summand 
corresponding to A' and by U' its complement invariant under Hgs (see Lemma [H 
(jl])). Denote by Tgs the standard maximal torus of Lgs and by T' its intersection 
with Hgs. Note that U and U', being sums of weight subspaces of T' , are stable 
under Tgs and, therefore, are invariant under the action of Lgg. Hence the map 
}I\S, L^J -^ }i\S, PGL(l^)) factors through H^ (5, (GL(f/)xGL(f/'))/ G„,), where 
Gm is embedded into GL{U) x GL{U') diagonally. 
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Now the claim is obtained by comparing the diagrams 

R\S, (GL(f/) X GL(t/'))/G„J ^B.\S, G, 



and 



ll\S, PGL(V)) 



R^S, (GL(t/) X GL(f/'))/G, 



R^S, Gr 



-H^(5, G, 



-H2(^, GJ, 



R\S, PGL(?7)) 

which come from the sequences 

1 Gin GL(f/) X GL(f/') (GL([/) x GL{U'))/ G, 



1 -G„ 



GL(l^) 



PGL(l^) 



-^1. 



and 



Gm GL(f/) X GL(f/') (GL(f/) x GL(^'))/ Gm 1 



Gt, 



GL{U) 



PGL{U) 



-^1. 



2. Let [C] be the class in H^(^, H^^) = R^{S, Lf^) corresponding to H. Denote 
by L'qg and H'^^ the images of Lqs and Hqs in G^f . Let us compute the image 5{\C]) G 
H^(5', Cent(Lg^)). Using the assumption, Theorem [1] ([2]), and the commutative 
diagram 



H^(5, if; 



ad\ 
qs ) 



^R\S,Cent{H')) 



Hi(5,L«f)^^H2(^,Cent(L;j), 

we see that (ao)*^([Co])) = for any O ^ t(Pgs). Now Proposition [1] ([2]) and the 
Shapiro lemma show that 5{[Q) = 0. It means that [(] comes from some [^] G 
H^(^, L'gJ, and the image of [V] in R\S, Gf,) defines the desired G. 

3. Let (G, m) be such a group; denote by [^] the corresponding class in H^(S', Gjjf). 
As we have seen in the proof of ([T]), [^] comes from an element of H^(S', L' ), say [Q. 
We have to show that [Q (and a fortioti [^]) is completely determined by its image in 
H^(S', i^gf), or, in other words, that the canonical map vr* : H^(S', L'^^) — ;■ H^(S', L^f) 
is injective. Since Cent(Lqg) is central in L'^^, 13^(5*, Cent(L^j,)) acts on H^(S', -Z^g^), 
and the orbits of the action coincide with the fibers of tt*. But H^(S', Cent(Lgg)) by 
Proposition [1] ([2]) and the Shapiro lemma injects into Pic(Dyn(G)), which is trivial 
by the assumption. 

-)■ 
D 



4. Follows from the proof of (jS]) and the fact that the map H (S*, L' 
R^S, G'tf) is injective (Exp. XXVI Gor. 5.10). 
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5. Combinatorial restrictions 

From now on we assume that S = Spec R, where R is a connected semilocal ring. 
Recall that in this case all minimal parabolic subgroups Pmin of G are conjugate un- 
der G{S) and hence have the same type tmin = t(-Pmin), which is a clopen subscheme 
of Dyn(G) (Exp. XXVI Cor. 5.7). By Exp. XXVI Lemme 3.8 P ^ i{P) is a bijec- 
tion between parabolic subgroups P oi G containing Pmin and clopen subschemes t 
of Dyn(G) containing tmin. 

Since S is afiine, for any parabolic subgroup P oi G there exists a Levi subgroup L 
(Exp. XXVI Cor. 2.3) of P, and a unique parabolic subgroup P~ which is opposite 
to P with respect to L, i.e. satisfies p- n P = L (Exp. XXVI Th. 4.3.2). The 
type t(P^) is the image SG(t(P)) of t(P) under an automorphism sg of Dyn(G') 
called the opposition involution (Exp. XXIV Prop. 3.16.6 and Exp. XXVI 4.3.1; 
cf. [11] 1.5.1). The corresponding automorphism sq G Aut (D) is induced by the 
automorphism a i-)- —wo{a) of the root system $ of Go, where wq is the unique 
element of maximal length in the Weyl group of $. In fact sq acts nontrivially only 
on irreducible components of $ of type An, n > 2, D2n+i, n > 1, or Eq, where it 
coincides with the unique nontrivial automorphism of the component. 

By the Tits index of G we mean the pair (Dyn(G), tmin)- Clearly, we have tmin = 
■SG(tmm), since if P = Pmin is a minimal parabolic subgroup, then P~ is also minimal. 

The group G is quasi-split if tmin is empty. In the opposite case when tmin = 
Dyn(G) we say that G is anisotropic. The anisotropic kernel Gan of G is defined 
as the derived subgroup of a Levi part of Pmin, which is indeed anisotropic by 
Exp. XXVI Prop. 1.20. 

Tits indices can be described in the set-theoretic style as follows. The assumption 
that 5* = SpecP is connected allows us to identify D^ with D, and a clopen *- 
invariant subscheme of Dj- with a ^-invariant subset of D. Let J C /} be the 
complement of the subset corresponding to (tmin)T- Then the Tits index of G is 
determined by the pair {D, J) together with a *-action on D, represented by a 
subgroup F of Aut (D). Usually we indicate F by writing its order as the upper left 
index attached to D (for example, "^Eq, ^D^ and so on). The group G is of inner 
type if Dyn(G') ~ Dyn(Go), or, in other words, F = {1}. 

From now on, we fix a minimal parabolic subgroup P = Pmin of G, a Levi subgroup 
L of P, and a maximal split subtorus Q oi G such that L = CentG'(Q), which exists 
by Exp. XXVI Cor. 6.11 (or by Proposition [T] ([3]) and descent). Let M be the lattice 
of characters of Q. The Lie algebra Lie(G') of G decomposes under the action of Q 
into a direct sum of weight subspaces: 

Lie(G') = Lie(L) © Lie(G')". 

aeA/\{0} 

We denote by \E' the set of elements a & M \ {0} such that Lie(G)° ^ 0. By Exp. 
XXVI Th. 7.4 \E^ is a root system, which is called the relative root system of G with 
respect to Q. One readily sees that the simple roots of ^ correspond bijectively to 
the *-orbits contained in J. 

Denote by D the extended Dynkin diagram (one adds a vertex corresponding to 
minus the maximal root to each irreducible component oi D), and by J the union 
JU{D\D). 
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Lemma 3. Let G be a semisimple algebraic group over S , and let {D, J) be the Tits 
index of G. Then any *-orbit O (^ J is invariant under the opposition involution of 
the Dynkin diagram {D\ J) U O. 

Proof. Let A G \1/ be the relative root corresponding to O (it is simple if O C J 
and the opposite to the maximal otherwise). By Exp. XXVI Prop. 6.1 the subsets 
Z A n \E' and ZAd \E'"'" correspond to certain subgroups G' and P' of G; moreover, G' 
is reductive and P' is a parabolic subgroup of G' having L as a Levi subgroup. Since 
L is anisotropic, P' is a minimal parabolic subgroup of G'. Passing to a splitting 
covering one sees that the Dynkin diagram of G' is {D\J)U O, and the type of P' 
is given by O. The Lemma follows. D 

In the next Proposition we list all possible cases when the conclusion of Lemma [3] 
holds for an irreducible root system $. Our numbering of the vertices of Dynkin 
diagrams follows [1]. 

Proposition 3. Let ^ be a reduced irreducible root system, D the corresponding 
Dynkin diagram, J ^^ a subset of D andV a group of automorphisms of D. A triple 
($, J, r) satisfies that any T -orbit O (^ J is invariant under the opposition involution 
of the Dynkin diagram {D \ J) U O, if and only if it is, up to an automorphism of 
D, one in the following list: 

(1) $ = An, n > 1; |r| = 1; J = {c?, 2d, . . . , rd} for some d,r > 1 such that 
d-{r + 1) =n + l. 

(2) (^ = An, n > 2; \T\ = 2; J = {d, 2d, . . . , rd, n + I - d,n + I - 2d, . . . ,n + 
1 — rd} for some d,r > 1 such that d \ n + 1, 2rd < n + 1. 

(3) $ = Bn, n > 2; |r| = 1; J = {d, 2d, . . . , rd} for some d,r > 1 such that d 
is even or d = 1, rd < n. 

. . , rd} for some d,r > 1 such that 

. , rd} for some d,r > 1 such that d 

(6) <^ = Dn, n > 4; |r| = 2; J = {d, 2d, . . . , rd} (or J = {d,2d, . . . ,{r - 
2)d, n — l,n} in the case rd = n — 1) for some d,r > 1 such that d is even 
or d = 1, rd < n — 1. 

(7) $ = D^; \T\ =3 or \T\ = 6; J = {2}, D. 

(8) $ = E,; \T\ = l;J= {2}, {1, 6}, {2, 4}, D. 

(9) $ = E^; \V\ = 2;J= {2}, {1, 6}, {2, 4}, {1, 6, 2}, D. 

(10) $ = Ej; \T\ = l;J= {1}, {6}, {7}, {1, 3}, {1,6}, {1,6,7}, {1,3,4,6}, D. 

(11) $ = Es; \T\ = l;J= {1}, {8}, {1, 8}, {7, 8}, {1, 6, 7, 8}, D. 

(12) $ = F4; |r| = 1;J= {1}, {4}, {1, 4}, D. 

(13) <^ = G2;\T\ = 1;J={2},D. 

Proof. If $ is an exceptional root system or D4, the result is verified by an easy 
try-out. Consider the case $ = y4„, |r| = 1. The opposition involution of A^ is the 
non-trivial automorphism of D, hence if | J| = 1 then n = 2k + 1 and J = {k + 1}, 
the middle vertex. Proceeding by induction on \J\, we see that J = {d, 2d, . . . , rd} 
for some d > 1 such that d\n + 1, d ■ {r -\- 1) = n + 1, and any such J is valid. If 
|r| = 2 then since J is P- invariant, J contains a vertex k if and only if it contains 



(4) 


$ 


— G 


n > 2; 


r| = 


■■ 2 


; J 


= {d, 2< 




rd < n. 












(5) 


$ 


= Dn, 


n > 4; 


r| = 


1; 


J = 


= {d, 2d, 




is 


even or d = 1, 


rd< 


n. 


rd 


^n-1 
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n + 1 — k; the opposition involution condition implies that J = {d, 2d, . . . , rd} U 
{n + 1 — d, n + 1 — 2d, . . . , n + 1 — rd}, and any such J is valid. 

Now consider the case $ = i?„, C„, Dn and |r| = 1. Let J = {ii, 22, • • • , v}, 
ii < 12 < ■ ■ ■ < ir- If $ = -Dn and v > "^ ~ 2, we may assume ij. = n applying an 
automorphism of D. Then J \ {v} lies in the connected component oi D \ {ir} of 
type Ar-i- Since J \ {ir} satisfies the opposition involution condition, by the An 
case J \ {ir} is of the form {d, 2d, . . . , (r — l)d} for some d > 1 such that v = rd. 
Therefore, J = {d, 2d, . . . , rd}, as required. If $ = C„, this finishes the proof, since 
any such J satisfies the opposition involution condition. If $ = Dn or Bn, such J 
does not satisfy the opposition involution condition for O = J \ J if d is odd > 1, 
so this case is excluded. The case $ = Dn, |r| = 2 is verified analogously. D 



6. Tits indices 

We now start the classification of semisimple algebraic groups over S = Spec R, 
where R is a connected semilocal ring. The problem allows two immediate reduc- 
tions. First, every semisimple group G is completely determined by its root datum 
and the corresponding simply connected group C^^, so we can assume that G is 
simply connected. 

Second, if the Dynkin diagram D of G is not connected (that is, the root system 
is not irreducible), we can present D as the disjoint union of its isotypic components 
Dt (it means that we collect isomorphic components together), and then we have a 
canonical decomposition G ~ 11 ^i 5 where Gt is a group over 5* with the Dynkin 
diagram Dt (Exp. XXIV Prop. 5.5). Further, if Dt is the disjoint union of nt copies 
of a connected graph -Do,*, there exists a canonical etale extension St/S of degree rit 
and a group Go,t over St such that Gt — Rst/s{Go^t) (Exp. XXIV Prop. 5.9). So we 
can assume that D is connected, that is, G is a simple algebraic group. 

Our reasoning will be based on Theorem |21 which implies that an oriented semisim- 
ple simply connected algebraic group G is determined, up to an isomorphism, by its 
Tits index and the isomorphism class of its anisotropic kernel Gan, subject to cer- 
tain conditions on the Tits algebras, together with an isomorphism Dyn(Ga„) ~ tmin- 
Thus the classification consists in listing all possible Tits indices of simple algebraic 
groups, and, for any given index, the conditions on the corresponding anisotropic 
kernels. The necessary combinatorial restriction on a Tits index stated in Lemma |3] 
reduces possibilities to those listed in Proposition |3l For some of them conditions 
on the Tits algebras lead to a contradiction; for the rest they give criteria that 
anisotropic kernels must satisfy. 

We represent Tits indices graphically by Dynkin diagrams D with the vertices in 
J being circled; nontrivial *-action is indicated by arrows < — >. We also use the Tits 
notation ™X^j, for the groups of specific indices (see pT|). 



We begin with simple groups of type An- The split simple simply connected group 
of type An over R is SL„+i(i?); the corresponding adjoint group is PGL„+i(i?) = 
Aut (M„+i(_R)). So the oriented simple simply connected groups of inner type An 
are of the form SLi(74), where A is an Azumaya algebra over R of degree n + 1, 
uniquely determined up to an isomorphism. Obviously A is the Tits algebra of 
SLi(A) corresponding to the natural representation of SLn+i{R) in i?"+^; so [A] = 
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f3sLi{A)i^i)- The change of orientation corresponds to the replacement of A with 
A°P. Note that SLi(y4) ^ SLi(A°^) as groups, the isomorphism being g h> g~^. 

Lemma 4. Assume that SLi(ii^) and SLi(ii^') are anisotropic, and [E] = [E'] in 
Bt{R). ThenE^E'. 

Proof. Since projective modules over R are free, [E] = [E'] means that Mn{E) ~ 
Mm{E') for some n and m. Then SL„(£') and SL^iE') are isomorphic as oriented 
groups. Now SLi(_E)" and SLi(£")'" are both anisotropic kernels of G, so they 
are isomorphic. In particular, they have the same type, that is m = n, and the 
degrees of E and E' are equal. Theorem [2] (|1]) implies that SLi{E)"^ and SLi(ii^')'^ 
are isomorphic as oriented groups, hence SLi(ii^) and SLi(ii^') are isomorphic as 
oriented groups, that is £" ~ E'. D 

Theorem 3 ("^An). Every simple simply connected group G of inner type An over 
R has the Tits index {^An, J), where J = {d, 2d, . . . , rd}, n + 1 = (r + l)d: 

C^So •^^-^ 



d 2d rd 

G is isomorphic to SLr+i{E), and the anisotropic kernel is SLi{EY , where deg E = 
d. 

Proof. Let (^v4„, J) be the Tits index of G; we have J = {d, 2d, . . . , rd} for some d 
with n + 1 = (r + l)(iby Lemma [3] and Proposition 121 The anisotropic kernel Gan is 
isomorphic to SLi(ii^i) x . . . SLi(ii^r+i) for some Azumaya algebras Ei, . . . , Er- The 
Cartan matrix of An shows that ai.d = 2ui.d — oui-d-i — i^i-d+i for z = 1, . . . , r. By 
Theorem [2l we have 

= PcaM-d) = f3su{E,)M - /3sLi{E.+i)(wi) = \E^ - [^i+i]. 

Now Lemma m implies that all Ei are isomorphic. Set E = Ei, then SLr+i{E) has 
the same Tits index and the same anisotropic kernel as G, so by Theorem |2] we have 
G ~ SLr+i{E), as claimed. D 

The above result implies that for any Azumaya algebra A over R, the group 
G = SLi(y4) is isomorphic to SLr+i{E), where E is an Azumaya algebra such that 
SLi(ii^) is anisotropic. In this case the degree of E is called the index of A and is 
denoted by indA; obviously indA divides deg A. The exponent exp A of A is the 
order of [A] in Br(/2). We will need the following result: 

Proposition 4. Let A be an Azumaya algebra. Then exp A divides ind A, and they 
have the same prime factors. 

Proof. The first part follows from the fact that [A] = [E] = /3sli{e){^i), and 
(deg£^)a;i belongs to the root lattice of SLi(y4). The second part follows from 
[31 Ch. II, Thm. 1]. D 

Let R' /R be an etale extension of degree n. We can interpret the corestriction 
homomorphism coresRi/^ : Br(/2') — )■ Br(i?) as follows. If A is an Azumaya algebra 
over R' of degree d, i?i?//ij(SLi(y4)) is a group of type nAd-i over R, with the *- 
action permuting the copies of Ad-i. Now cores r>/r{[A]) = Pr^,^^{su(a)){uj), where 
u is the sum of the fundamental weights ui of all copies of Ad-i (cf. [12^ § 5.3]). 
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Theorem 3 (^An). Every simple simply connected group G of type "^An over R has 
the Tits index {^An, J), where J = {d, 2d, . . . , rd, n+l—rd, . . . , n+l—2d, n+l—d} 
for some r > 0, d > such that d \ n + 1, 2rd < n + 1: 




d rd n+l — rd n + l—d 

Denote by Speci?' the orbit corresponding to {1, n} (so that R'/R is a connected 
quadratic etale extension) . The possible anisotropic kernels are the following: 

• H X RRr/{i{SLi{E)Y , where E is an Azumaya algebra over R' with indE = 
deg E = d, H is a simple simply connected anisotropic of type '^An-2rd over 
R whose orbit O corresponding to {1, n — 2rd} is isomorphic to SpecR' , such 
that Pho{^i) = [E]> when n — 2rd > 2; 

• SLi{A) X Rjir/f>{SLi{Aii/)Y , where A is an Azumaya algebras A over R such 
that indA = deg A = 2 and ind Ari = d, when n — 2rd = 1; 

• Rfi//ji{SLi{E)Y , where E is an Azumaya algebra over R such that indE = 
degE = d and cores r'/r{[E]) = 0, when n — 2rd < 0. 

Proof. Let (^An, J) be the Tits index of G; we have J = {d, 2d, . . . , rd, n + 1 — 
rd, . . . , n + 1 — 2d, n + l — d} for some r > 0, rf > with d \ n + 1, 2rd < 
n + 1 by Lemma [3] and Proposition [31 The anisotropic kernel Gan is isomorphic 
to Hi X . . . X Hr y. H , where Hi are groups of outer type A^^i + A^^i with the 
*-action permuting two summands, and if is a group of outer type '^An-2rd when 
n — 2rd > 2, is isomorphic to SLi(A) for some Azumaya algebra A over R with 
indA = deg A = 2 when n — 2rd = 1, and is trivial otherwise. Over R' every Hi 
becomes inner, hence we have Hi ~ Rjii/ji{SLi{Ei)) for some Azumaya algebra Ei 
over R', indi^j = degii^j = d. 

Denote the orbit corresponding to {i ■ d, n + 1 — i ■ d} by Oj, i = 1, . . . , r. The 
Cartan matrix of A„ shows that ctj.^ = 2u!i.d — oui.d-i — i^t-d+i- When i < r, by 
Theorem [2] we have 

= /3(G„„)oX"o,) = /5sLi(£o(^i) - /3sLi(i?,+i)(wi) = [Ei] - [Ei+i]. 

Lemma m implies now that all Ei are isomorphic; we set E = Ei. 
In the case n — 2rd > 2 by Theorem [2] we have 

= /3(G„„)o,,(«a.) = /3sLi(£)(wi) - t^Hori^i) = [E] - /3ho,(wi)- 
In the case n — 2rd = 1 we have 

for Or — Spec R' as a scheme. 
In the case n — 2rd = we have 

= t3iGan)oMor) = /3sLl(B)K) = [E], 

hence E c:^ R'. G is quasi-split in this case. 

Finally, in the case n — 2rd = —1 we have Or — Spec-R, and hence 

= /^Gania'or) = coiesR' / r{/3su(e){uji)) = coiesR' /r{[E]). 

n 
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Theorem 3 (Bn). Every simple simply connected group of type Bn over R, n >2, 
has the Tits index {Bn, J), where J = {1, 2, . . . , r} for some r > 0: 



1 r 

The possible anisotropic kernels are the following: 

• simple simply connected anisotropic groups of type Bn-r over R, when n—r > 

2; 

• SLi(y4), where A is an Azumaya algebras A over R with indA = degA = 2, 
when n — r = 1. 

If n = r then G is split. 

Proof. Let {Bn, J) be the Tits index of G ; we have J = {d, 2d, . . . , rd} for some 
r > 0, d > with rd < n hj Lemma E] and Proposition |3J The anisotropic kernel 
Gan is isomorphic to SLi(_Ei) x . . . SLi{Er) x H, where if is a group of type Bn-rd 
when n — rd > 2, is isomorphic to SLi(A) for some Azumaya algebra A over R with 
ind A = deg A = 2 when n — re? = 1, or is trivial when n = rd. 

In the case n — rd >2 the Cartan matrix of Bn shows that Ord = 2urd — ^rd-i — 
oJrd+i- By Theorem [21 we have 

So Er = R, hence d = 1. 

In the case n — rd = 1 we have a^d = 2a;„_i — (^„-2 — 2a;„, so 

= /3g„„(0 = /3sLi(i^.)(^i) - 2/3//(wi) = [Er], 
and again d = 1. 

Finally, in the case n = rd we have ard = '^^n — ^n-i, so 

^ = PG.M'rd)=PsU(E.)M = [Er], 

d = 1, and G is split in this case. D 

The split simple simply connected group scheme of type C„ over R is Sp2„(-R). 

Proposition 5. Assume that G is a simple simply connected group of type Cn over 
R, Pg{^i) = [E], indii^ = d. Then d = 2^ for some k >0 and d \ 2n. If d = 1 then 
G is split. 

Proof. We have 2[E] = 0, since 2a;i belongs to Ar. Now Proposition H] implies that 
d = 2K 

The vector representation p: Sp2„(-R) — )■ GL(i?^") is center preserving and has a 
weight Ui] so [Ap] = [E]. But Ap has degree 2n, so d \ 2n. 

li d = 1 then by Proposition [2] G corresponds to an element of H^(/?, Sp2„), and 
the latter is trivial by fcii Ch. I, Cor. 4.1.2]. D 

Theorem 3 (Cn)- Every simple simply connected group G of type Cn over R, n > 2, 
has the Tits index {Cn, J), where J = {d, 2d, . . . , rd} for some r > 0, d > such 
that d = 2'' \ 2n, rd < n, and r = n when d = 1: 
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lid) 



{ck,l) • • — ® — • • — ®- 



d rd 

The possible anisotropic kernels are the following: 

• H X SLi(i^^)'", where E is an Azumaya algebra over R with indE = degE = 
d, H is a simple simply connected anisotropic of type Cn-rd over R with 
PuioJi) = [E], when n — rd > 2; 

• SLi{EY~^^ , where E is an Azumaya algebras E over R with indE = degE = 
d, when n — rd = 1; 

• SLi(£')^, where E is an Azumaya algebras E over R with indE = degE = d 
and exp E < 2, when n — rd = 0. 

Proof. Let (C„, J) be the Tits index of G; we have J = {d, 2d, . . . , rd} for some 
r > 0, d > with rd < n hj Lemma [3] and Proposition [31 The anisotropic kernel 
Gan is isomorphic to SLi(_Ei) x . . . SLi{Er) x H, where if is a group of type Cn-rd 
when n — rd > 2, is isomorphic to SLi(A) for some Azumaya algebra A over R with 
ind A = deg A = 2 when n — rrf = 1, or is trivial when n = rd. 

The Cartan matrix of C„ shows that a^.d = 2uji.d — uJi.d-i — c^j.^+i for i = 1, . . . , r — 
1 . By Theorem [21 we have 

= PcaA^^'i.d) = /3sLi(s,)(^i) - /3sLi(i?,.+i)(wi) = [Ei] - [Ei+i]. 

Lemma [H implies now that all Ei are isomorphic; set E = Ei. Note that [E] = 
f3G{(jJi), hence by Proposition [S] c? = 2'^ \ 2n, and G is split when d = 1. 

In the case n — rd > 2 the Cartan matrix of C„ shows that a^d = 2urd — ^rd-i — 

(^rd+l, SO 

= Pc.AKd) = PsuiE)M - PhM = [E] - PhM. 

In the case n — rd = 1 we have ard = 2aj„,_i — uJn-2 ~ ^n-, so 

= dcAKd) = Psu(E)M - ku{AM) = [E] - [A]. 

Hence [E] = [A] and d = 2. 

Finally, in the case n = rd we have ard = 2u;„ — 2un~i, so 

= /3G.„(O = 2/3sL,(i?)(u;i) = 2[E], 

that is exp E < 2. D 

The split simple simply connected group scheme of type D„ over R is Spin2„(-R). 

Proposition 6. Assume that G is a simple simply connected group of type ^D^ or 
^Dn over R, n > 4, f3G{uJi) = [E], indE = d. Then d = 2^ for some k > and 
d I 2n. 

Proof. We have 2[E] = 0, since 2uji belongs to Aj.. Now Proposition [H implies that 
rf = 2^ 

The vector representation p: Spin2„(-R) — )■ GL(i?^") is center preserving and has 
a weight ui] so [Ap] = [E]. But Ap has degree 2n, so d \ 2n. D 
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Theorem 3 (-""Dn). Every simple simply connected group G of inner type Dn over 
R, n > 4, has the Tits index (^Dn, J), where J = {d, 2d, . . . , rd} (possibly, after 
interchanging n — 1 and n) for some r > 0, (i > such that d = 2^ \ 2n, rd < n, 
n ^ rd+1: 



• • ® • • ® • • ^^^ 

d rd • 

The possible anisotropic kernels are the following: 

• HxSLi{EY , where E is an Azumaya algebra over R with ind-E' = degE = d, 
H is a simple simply connected anisotropic group of inner type Dn-rd over 
R with (3h{uji) = [E], when n — rd > 4; 

• SLi(y4) X SLi (£')'", where E is an Azumaya algebra over R with indE = 
degE = d, A is an Azumaya algebra over R with indA = degA = 4 such 
that 2[A] = [E], when n — rd = 3; 

• SLi(Ai) X SLi(A2) X SLi{EY , where E is an Azumaya algebra over R with 
indE = degE = d, Ai and A2 are Azumaya algebras over R such that 
indAi = degAi = mdA2 = degA2 = 2 and [Ai] + [A2] = [E], whenn — rd = 

2; 

• SLi{EY , where E is an Azumaya algebra over R with ind-E = degE' = d 
and exp E < 2, when n = rd. 

Proof. Let {^Dn, J) be the Tits index of G; we have J = {d, 2d, . . . , rd} for some 
r > 0, d > with rd < n, rd y^ n — 1 hj Lemma [3] and Proposition [3l The 
anisotropic kernel Gan is isomorphic to SLi(ii^i) x . . . SLi{Er) x H, where H is a 
group of inner type Dn-rd when n — rd > A, is isomorphic to SLi(y4) for some 
Azumaya algebra A over R with ind A = deg A = 4 when n — rd = 3 is isomorphic 
to SLi(y4i) X SLi(y42) for some Azumaya algebras Ai, A2 over R with indAi = 
deg Ai = ind A2 = deg ^2 = 2, or is trivial when n = rd. 

The Cartan matrix of D„ shows that a^.^ = 2ui.d — uJi.d-i—(jJi.d+i for i = 1, . . . , r — 
1. By Theorem 121 we have 

= PcaMld) = f3su{E,)M - /3sLi{E.+i)(wi) = [Ei] - [Ei+i]. 

Lemma H] implies now that all E^ are isomorphic; set E = Ei. Note that [E] = 
f3G{ijJi), hence by Proposition O (i = 2*^ | 2n. 

In the case n — rd > 4 the Cartan matrix of Dn shows that a^d = 2uJrd — ^rd~i — 

^rd+l, SO 

= Pc^Md) = PsuiE)M - /3hM = [E] - PhM. 
In the case n — rd = 3 we still have ard = 2ujrd — ^rd-i — <^rd+i, so 

= (^cAKd) = l^suiEM) - (3suiA){uJ2) = [E] - 2[A]. 
In the case n — rd = 2 we have ard = 2uJn-2 — ^n-3 — i^n-i — ^n, so 

= PcAKd) = PsU{E){^l) - PSU{A,)M - /3SL,(A,)(^2) = [E] - [Ai] - [A2]. 

Finally, in the case n = rd we have ard = 2a;„ — uJn-2, so 

= PGA<d)=Psu(E)M=2[E], 
hence expE' < 2. D 
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Theorem 3 (^Dn). Every simple simply connected group G of type ^Dn, n > 4, 
has the Tits index {^Dn, J), where J = {d, 2d, . . . , rd} for some r > 0, d > such 
that d = 2^ \ 2n, rd < n — 1, or J = {d, 2d, . . . , (r — l)d, n — l,n} for some r > 0, 
d G {1, 2} such that rd = n — 1. 



• • ® • • ® • • ^^^^ 

d rd • 

Denote by Speci?' the orbit corresponding to {n — 1, n} (so that R'/R is a con- 
nected quadratic Stale extension) . The possible anisotropic kernels are the following: 

• HxSLi{EY , where E is an Azumaya algebra over R with ind-E' = degE = d, 
H is a simple simply connected anisotropic group of type ^Dn-rd over R whose 
orbit corresponding to {n — rd — 1, n — rd} is isomorphic to SpecR', such 
that I3h{oji) = [E], when n — rd> 4; 

• i^xSLi (£')'', where E is an Azumaya algebra over R withindE = degE = d, 
H is a simple simply connected anisotropic group of type "^A^ over R whose 
orbit corresponding to {1, 3} is isomorphic to Speci?', such that Ph{^2) = 
[E], when n — rd = 3; 

• Rr' / r{^^i{.A)) X SLi(i?)'', where E is an Azumaya algebra over R with 
ind E = deg E = d, A is an Azumaya algebras over R' such that ind A = 
degA = 2 and coresR'/ji{[A]) = [E], when n — rd = 2; 

• SLi{EY , where E is an Azumaya algebra over R such that indE = degE = d 
and [Eji'] = 0, when n — rd = 1. 

Proof. Let (^-D„, J) be the Tits index of G; by Lemma [3] and Proposition [3] we have 
J = {d, 2d, . . . , rd} (or J = {d, 2d, . . . ,{r — 2)d, n — l,n} in the case rd = n — 1) 
for some r > 0, c? > with rd ^ n — 1. The anisotropic kernel Gan is isomorphic to 
SLi(£'i) X . . . SLi(_Er) X H, where if is a group of type "^Dn-rd when n — rd > A, 
of type ^^3 when n — rrf = 3, is isomorphic to Rri / r{^\ji{A)) for some Azumaya 
algebras A over a connected quadratic etale extension R'/R with ind A = deg A = 2, 
or is trivial when n — rd = 1. 

Denote the orbit corresponding to {i ■ d, n + 1 — i ■ d} hj Oi, i = 1, ..., r. The 
Cartan matrix of Dn shows that ai.d = 2ui.d — uji-d-i — <-^i-d+i ior i = 1, . . . , r — 1. 
By Theorem [21 we have 

= f3(Gan)oS^'oJ = /3sLi(Bo(^i) - /3sLi(i?,+i)(wi) = [Ei] - [Ei+l]. 

Lemma H] implies now that all Ei are isomorphic; set E = Ei. Note that [E] = 
f3c{coi), hence by Proposition [6] c? = 2^ | 2n. 

In the case n — rd > 4 the Cartan matrix of D^ shows that a^d = 2ujrd — ^rd-i ~ 

^rd+l, SO 

= /3(G„„)o,(«oJ = ku{EM) - PhM = [E] - PhM. 
In the case n — re? = 3 we still have ard = 2cOrd — i^rd-i — i^rd+i, so 
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In the case n — rd = 2 0r — Spec i?, and we have ard = 2w„_2 — ^n-3 — w„_i — Un, 



so 



= /5(G„„)o,,(«a.) = Psu{E){uJi) - cores r>/r{/3su{A){uJi)) = [E] - cores r^/r{[A]). 

Finally, in the case n — rd = 1 the condition d\2n implies d G {1,2}; also. 
Or — Spec-R', and we have ard = 2uJn — Wn-2, so 

= (3iGan)oMOr) = /^SLl (£)o. (^1 ) = [^ R'] ■ 

n 

Theorem 3 (^D4 and ^D4). Every simple simply connected group G of type ^D^ 
or ^D4 over R has one of the following Tits indices: 



/'3n28 6n28 N 
I -^^4,05 -'-^4, OJ 



Ml/^ll) 



(3^1,, 6 n2 



DU) 





Denote by Spec R' the orbit corresponding to {1, 3, 4} (so that R'/R is a connected 
cubic etale extension) . The possible anisotropic kernels in the case of ^Df ^ or 
^Dl I are of the form Rri / r{SLi{A)) , where A is an Azumaya algebra over R' with 
ind A = degA = 2 and coresRr/ji{[A]) = 0. 



In the case of Dj q or Df'^ G is anisotropic; in the case of Di 2 or Di ^ G 



IS 



quasi-split. 

Proof. By Lemma |3] and Proposition |3] G is anisotropic or quasi-split, or has the 
Tits index 3L)9 1 or ^Dl^. 

Let the Tits index be ^Df ^ or ^Df ^. The anisotropic kernel Gan is isomorphic 
to Rr'/r{SLi{A)) for some Azumaya algebra over R' with indA = degA = 2. The 
Cartan matrix of D4 shows that a2 = 2a;2 — ui — u^ — u^, so by Theorem [2] we have 

= /3Ga„("2) = -cores/j//ij(/3sLi(A)(wi)) = - coresR>/R{[A]). 

n 
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Theorem 3 (■'"Ee). Every simple simply connected group G of inner type Eq over 
R has one of the following Tits indices: 



lp78 ^ 
6,0J 



'E 



ap28 



-^6,2^ 



®- 



-® 



ipi6 ^ 
6,2) 



'E 



-<5)' 



rizro 



-^6,6) 



® ® ® ® ® 



® 



r/ie possible anisotropic kernels are the following: 

• simple simply connected anisotropic groups H of type D4 over R with Ph = 0, 
in the case of^E^^; 

• SLi(y4)^, where A is an Azumaya algebra over R with indA = degA = 3, in 
the case of ^El\. 

In the case of ^El\ G is anisotropic; in the case of ^Eq q G is split. 

Proof. By Lemma |3] and Proposition [3] the Tits index of G is either one of the listed 
above or the foUowing: 



® 

Let us first exclude the latter case. The anisotropic kernel Gan is isomorphic to 
SLi(74) for some Azumaya algebra A over R with indA = degA = 6. The Cartan 
matrix of Eq shows that 02 = 2u2 — uj4,- By Theorem [2] we have 

= /3G„„(a^) = -l3suiA)M = -m- 

Hence exp A = 3, but this contradicts Proposition HI 

In the case of ^Eq\ the anisotropic kernel Gan is of type ^D^. We have ai = 

2a;i — ws, ae = 2ujq — u^, so 

It follows that /Scan = 0- 
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In the case of ^El\ the anisotropic kernel Gan is isomorphic to SLi(Ai) x SLi(A2) 
for some Azumaya algebras Ai, A2 over R with ind Ai = deg Ai = ind A2 = deg A2 = 
3. We have 0:4 = 2co4 — U2 — C03 — ws, so 

= Pg.AO = l^suiMM) - PsuiA,)M = [Ai] - [A2]. 
By Lemma HAi ~ y42. □ 

Theorem 3 (^Ee). Every simple simply connected group G of type ^Eq over R has 
one of the following Tits indices: 



2Z?78 ^ 
6,0J 



''E, 



'El%] 



/2 77^29 



E^^ ' 



® 




/2 pl6' 



-^6,2J 



2 pie" 



^2 772 



^, 



6,4V 




(^ ® ®-^® 



Denote by SpecR' the orbit corresponding to {1, 6} (so that R'/R is a connected 
quadratic etale extension). The possible anisotropic kernels are the following: 

• simple simply connected anisotropic groups H of type "^A^ overR with Pni^s) = 
0, in the case of'^Ef'^; 

• simple simply connected anisotropic groups H of type ^D/^ over R with (iu^, (wa) 
0, in the case of'^E^^; 

• simple simply connected anisotropic groups H of type "^A^ over R with /3h{^2) = 
and Pn^iioJi) = 0? ^'^ ^^^ ^'^^^ of'^EW; 
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• -Ri?7R(SLi(A)), where A is an Azumaya algebra over R' with ind A = deg A = 
3 and cores jii/ji{[A]) = 0, in the case "^EW . 

In the case of "^E^^q G is anisotropic; in the case of "^Eq ^ G is quasi-split. 

Proof. By Lemma [3] and Proposition [3] the Tits index of G is one of the hsted above. 
In the case of '^Eq\ the anisotropic kernel Gan is a group of type "^A^. The Cartan 
matrix of Eq shows that 02 = '^^2 — ^a- By Theorem |2] we have 

In the case of ^-E|^i the anisotropic kernel Gan is a group of type ^1^4. Denote by 
O = Spec-R' the orbit corresponding to {1, 6}. We have ai = 2(jJi — uj2, so 

In the case of '^EW the anisotropic kernel Gan is a group of type '^A^. We have 

«! = 2uJi — UJ2, «2 = 2UJ2 — (jJi, SO 











-/3g„„o(^i)5 



In the case of "^EW the anisotropic kernel Gan is isomorphic to -R/j///j(SLi(A)), 
where A is an Azumaya algebra over R' with ind A = deg A = 3, O ~ Speci?'. We 
have 04 = 2c<;4 — UJ2 — u)z — ^5, so 



= /3g.„(«4) = coresij///j(/3sLi(A)(wi)) = corns r>ir{[A]). 



U 



Theorem 3 (E7). Every simple simply connected group G of type E-j over R has 
one of the following Tits indices: 



{E]'l) 



(E'A] 



-<5) 



(^fi 



®- 



(Er,) 



-<^- 
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iEl\ 



®- 



(E'A) 



®- 



(El 



® ® 0- 



(Eh) 



-®- 



-® ® 



-®- 



® ® ® ® ® ® 



(?) 



r/ie possible anisotropic kernels are the following: 

• simple simply connected anisotropic groups H of type ^Eq over R with Ph = 
0, in the case of Ej\; 

• simple simply connected anisotropic groups H of type ^Dq over R with Pui'^b) - 
0, in the case of Ej\; 

• H X SLi(ii^), where E is an Azumaya algebra over R with indii^ = degE = 2, 
H is a simple simply connected anisotropic group of type ^D^ over R with 
Ph{^4) = [E], in the case of E^\; 

• H X SLi{E), where E is an Azumaya algebra over R with indii^ = degii^ = 2, 
H is a simple simply connected anisotropic group of type ^D^ over R with 
PuioJi) = and Pnif^z) = [E], in the case of E^\; 

• simple simply connected anisotropic groups H of type ^D^ over R with Ph = 
0, in the case of Ej\; 

• SLi{Ay, where A is an Azumaya algebra over R with indA = degA = 2, in 
the case of Ej ^. 

In the case of E]^q G is anisotropic; in the case of Ej j G is split. 

Proof. By Lemma [3] and Proposition [3] the Tits index of G is either one of the hsted 
above or the following: 

® ® 



Let us first exclude the latter case. The anisotropic kernel Gan is isomorphic to 
SLi(y4) for some Azumaya algebra A over R with indA = degA = 6. The Cartan 
matrix of Ej shows that 03 = 2u)3 — wi — 004. By Theorem [2] we have 
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Hence exp A = 2, but this contradicts Proposition HI 

In the case of Ej\ the anisotropic kernel Gan is of type ^Eq. We have aj = 2(X'7— wg, 
so 

It follows that f3Ga„ = 0. 

In the case of E^\ the anisotropic kernel Gan is of type ^Dq. We have ai = 

2a;i — ^3, so 

In the case of E^\ the anisotropic kernel Gan is isomorphic to H x SLi{E), where 
if is a group of type ^Dq, E is an Azumaya algebra over R with ind E = deg E = 2. 
We have a^ = 2ijJq — u^ — uj, so 

= (3gAO = -(^Hiuj,) - /3sL,(E)(u;i) = -/3h(c^4) + [E]. 

In the case of Ej^ the anisotropic kernel Gan is isomorphic to H x SLi{E), where 
if is a group of type ^D^, E is an Azumaya algebra over R with ind E = deg E = 2. 
We have ai = 2uji — u^, a^ = 2ujq — oj^ — ui, so 

In the case of Ej^^ the anisotropic kernel Gan is of type ^D4. We have ai = 

2uji — Go's, ae = 2uq — u^ — uj, so 

It follows that /Scan = 0- 

In the case of Ej\ the anisotropic kernel Gan is isomorphic to SLi(Ai) x SLi(yl2) x 
SLi(yl3) for some Azumaya algebras Ai, A2, A3 over R with indAi = degAi = 
indy42 = degA2 = ind A3 = degy43 = 2. We have a^ = 2ui — u;2 — ^3 — Ws, 

ttg = 2^6 — ^5 — W7, so 

= PCaM'i) = -/3sLi(Ai)(wi) - /3sLi(A2)(wi) = [Ai] - [A2]; 

= (3gAO = -(^suiA.M) - /3sL,(A3)(wi) = [^2] - [^43]. 
By LemmaHAi ~ y42 ~ A3. D 

Theorem 3 (Eg). Every simple simply connected group G of type Eg over R has 
one of the following Tits indices: 

(Ko) • — • — • — • — • — • — • 



(El'f) • • • • • • ® 
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iEl\) 



®- 



{El%) 



iEl%) 



®- 



iEi% 



®- 



(Els) 



-® ® 



<?) 



-® ® ® 



® ® ® ® ® ® ® 



® 



The possible anisotropic kernels are the following: 

• simple simply connected anisotropic groups H of type E-j over R with Ph = 0, 
in the case of El^f; 

• simple simply connected anisotropic groups H of type ^Dj over R with (3h = 
0, in the case of E^\; 

• simple simply connected anisotropic groups H of type -^Eq over R with Ph = 
0, in the case of El\; 

• simple simply connected anisotropic groups H of type ^Dq over R with Ph = 
0, in the case of E^\; 

• simple simply connected anisotropic groups H of type ^D^ over R with Ph = 
0, in the case of El\. 

In the case of -E|'^o ^ ^'^ anisotropic; in the case of E^ ^ G is split. 

Proof. By Lemma [3] and Proposition [3] the Tits index of G is one of the hsted above. 
In the case of E^^f the anisotropic kernel Gan is of type Ej. The Cartan matrix 
of Eg shows that «§ = 2ujs — Wy- By Theorem [2] we have 

It follows that Pcan = Cl- 
in the case of E^\ the anisotropic kernel Gan is of type ^D^. We have ai = 

2a;i — CO3, so 

It follows that /Scan = 0- 
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In the case of El\ the anisotropic kernel Gan is of type ^Eq. We have ay = 

2cj7 — We — wsj so 

It follows that Pcan = 0. 

In the case of El\ the anisotropic kernel Gan is of type "^Dq. We have ai = 

2uJi — Wa, ag = 2a;8 — Wr, so 

= /3g.„(«i) = -/3g„„(u;5); 

It follows that Pcau = 0- 

In the case of El^^ the anisotropic kernel Gan is of type ^D^. We have ai = 

2uJi — ws, ae = lu^ — uj^ — uj, so 

It follows that /3g„„ =0. D 

Theorem 3 (F4). Every simple simply connected group G of type F4 over R has 
one of the following Tits indices: 



Wi) • -^^ ® 

(^4%) ® ®^K5) ® 

The possible anisotropic kernels in the case of F|\ are simple simply connected 
anisotropic groups H of type B3 over R with (3h = 0- 

In the case of Fl\ G is anisotropic; in the case of F^ ^ G is split. 

Proof. By Lemma |3] and Proposition [3] the Tits index of G is either one of the listed 
above or one of the following: 

® • =^ • • 



(?) • =^ • « 

Let us exclude the two latter cases. In the first of them the anisotropic kernel Gan 
is of type C3. The Cartan matrix of F4 shows that ai = 2oji — 002- By Theorem |5] 
we have 

It follows that Pcan = O5 ill contradiction with Proposition [51 

In the second case the anisotropic kernel Gan is of type C2. We have a^ = 2U4—0J3, 
so 

It follows that (3Ga,n = 0, in contradiction with Proposition O 
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In the case of F^\ Gan is of type B3. We have 04 = 2co4 — ws, so 

= /3G.„K) = -/3G„„(a;3)- 
It follows that /3g,„ = 0. D 

Theorem 3 (G2). Every simple simply connected group G of type G2 over R has 
one of the following Tits indices: 

14 



iGl% 



(Gh) ®^^ 

In the case of GI'^q G is anisotropic; in the case of G\ 2 G is split. 

Proof. By Lemma E] and Proposition [3] the Tits index of G is either one of the hsted 
above or the following: 

We need to exclude the latter case. The anisotropic kernel Gan is isomorphic to 
SLi(y4) for some Azumaya algebra A over R with indA = degA = 2. The Cartan 
matrix of G2 shows that 02 = 2^2 — Swi. By Theorem |2] we have 

= /3g.„(«^) = -3/3sL,(A)(a;i) = -3[A]. 
But by Proposition m 2 [A] = 0, hence [A\ = 0, a contradiction. D 

7. Existence of indices 

For the sake of completeness we give here a new uniform proof of the existence 
of indices of exceptional inner type over fields (note that all indices of outer types 
^£^65 ^Di, and ^D^ appear already over number fields). 

Theorem 4. For any field F and any prescribed Tits index of exceptional inner type 
listed in Section 0, there exists a field extension E jF and a simple algebraic group 
G over E having that Tits index. 

Proof. Denote by Hq the derived subgroup of the standard Levi subgroup of a par- 
abolic subgroup Pq in the split adjoint group Gq'^ over F. Now consider a generic 
torsor ( under Ho over an extension E/F. Recall that to construct ( one chooses a 
faithful representation Hq — >■ GL„, considers E = F{GLn / Hq), and then takes the 
image in Y{^{E^ Hq) of the generic point in G\jn / Hq{E) under the connecting map 
arising from the sequence 

1 ^ i/o ^ GL„ ^ GL„ /Hq -^ I. 

After that we take the image ^ of C in H^(ii^, G^'^) and consider the corresponding 
group G over E. Obviously G has a parabolic subgroup P whose Levi part is 
isomorphic to the group H corresponding io C,. In general it may happen that H 
is isotropic, that is the Tits index of G contains more circled vertices than desired. 
Our goal is to show that if Pq corresponds to one of the indices listed in Section [6l 
this is not the case. 
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To this end we employ an invariant cdp(X) of a projective homogeneous variety 
X called the p-relative canonical dimension of X; see [6] for the definition and basic 
properties. We take X to be the variety of Borel subgroups of G. It is shown in 
[H Proposition 6.1] that cdp(X) depends in an explicit monotonic way on a certain 
discrete invariant Jp{G) of G (the J-invariant). By [8, Corollary 5.19] this invariant 
is the same for the group G itself and the derived subgroup H' of any parabolic 
subgroup of G. Also, if a group H corresponds to a generic torsor, Jp{G) takes the 
maximal possible value, which is computed in [SI Example 4.7]. 

Now assume that the anisotropic kernel H' of G is less than H. From the one 
hand side, cdp(X) can be computed in terms of Jp{H), which is known, since H is 
generic. From the other hand side, it can be computed in terms of Jp{H'), which 
does not exceed the known maximal possible value. If these values are distinct, we 
get a contradiction. Looking at the following table we see that for any two indices 
of the same type one can find p such that the maximal possible values of cdp{X) 
differ, and we are done. 



Index 


Maximal value of cdp(X) 


1r78 
-^6,0 


3, p = 2; 16, p = 3 


1e;28 
-^6,2 


3,p = 2 


lpl6 


2,p = 3 


-^6,6 





E','^ 


18, p = 2; 8, p = 3 


E'r% 


3,p = 2-8,p = 3 


EZ 


9,p = 2 


E^% 


10,p = 2 


Ef2 


6,p = 2 


E^% 


3,p = 2 


Eh 


l,p = 2 


Eh 






Index 


Maximal value of cdp(X) 


<o^ 


60, p = 2; 28, p = 3; 24, p = 5 


77-133 


17,p = 2;8,p = 3 


-'^8,1 


14, p = 2 


El% 


3, p = 2; 8, p = 3 


Et% 


8,p = 2 


Ei% 


3,p = 2 


Els 





-f^4,0 


3, p = 2; 8, p = 3 


PiS 


3,p = 2 


n^ 





*-^2,0 


3,p = 2 


^2,2 






n 
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